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S1. SUPPORTING FIGURES FOR GLOBAL AND RANGE-SEPARATED HYBRIDS 
 

 
Figure S1: Fundamental gap and energy of first exciton peak as a function of global fraction of 
exact exchange, a. 
 

 
 

Figure S2: Optical spectrum (imaginary part of frequency-dependent dielectric function) for a 
range-separated hybrid with short-range fraction of exact exchange a=0.1, long-range fraction of 
exact-exchange b=0.3, and range-separation parameter g=0.2 Å-1. 
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S2. UNIT CELL AND ATOMIC COORDINATES (VASP POSCAR) 

Atomic positions and lattice parameters from Ref. 1. 
 
Cr S Br AFM bulk 
1.0 
        3.5120599270         0.0000000000         0.0000000000 
        0.0000000000         4.7447900772         0.0000000000 
        0.0000000000         0.0000000000        15.8240995407 
   Cr    S   Br 
    4    4    4 
Direct 
0.750000000  0.250000000  0.564059973 
0.750000000  0.250000000  0.064059973 
0.250000000  0.750000000  0.435940027 
0.250000000  0.750000000  0.935940027 
0.750000000  0.750000000  0.538500011 
0.750000000  0.750000000  0.038500011 
0.250000000  0.250000000  0.461499989 
0.250000000  0.250000000  0.961499989 
0.750000000  0.750000000  0.323599994 
0.750000000  0.750000000  0.823599994 
0.250000000  0.250000000  0.676400006 
0.250000000  0.250000000  0.176400006
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S3. PARAMETRIC DEPENDENCE OF FUNDAMENTAL GAPS AND EXCITON 
ENERGIES ON a AND VW  
 

 
Figure S3: Contour plots depicting the dependence of (a) the fundamental gap, Eg, (b) the XA 
exciton energy, and (c) the XB exciton energy on the fraction of global exact exchange a and the 
onsite correction, Vw, applied to Cr d-orbitals. (d) Contours of Eg (red lines), XA (blue lines), and 
XB (magenta lines) superposed to find the space of feasible solutions (grey region) for a and Vw. 
The limiting values of Eg are 1.85 eV and 2.05 eV (as explained in the main text); for the XA and 
XB exciton energies, we use narrow 10-meV windows of uncertainty ranging from 1.3-1.4 eV and 
1.7-1.8 eV, respectively. 
 
 
The two independent parameters a and Vw can be determined efficiently by performing a 
parameter sweep in a–Vw space and recording the fundamental gap (Eg) as well as the XA and XB 
exciton energies. Figures S3(a-c) display these data for Eg, and XA and XB exciton energies, which 
can then be combined with known bounds from the literature to identify a space of feasible 
solutions [Fig. S3(d)]. Interestingly, if we reply purely on the energies of the XA and XB excitons 
– to which we apply a small 10-meV window of uncertainty – the fundamental gap is consistently 
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predicted to be above the ARPES lower bound of 1.85 eV. At the upper end, the fundamental gap 
is bounded by 2.10 eV, which is only slightly above the theoretical 𝑄𝑆𝐺𝑊%  value of ~2.05 eV. If 
we enforce precise values of 1.36 eV and 1.76 eV for the XA and XB excitons, respectively, the 
fundamental gap is predicted to be 2.02 eV, within expected bounds. 

The parameter sweeps displayed here were carried out without spin-orbit coupling; time-
dependent calculations of the optical spectrum were carried out using 16 occupied and 16 empty 
states, which is sufficient to converge the energy of the XB exciton to within 5 meV and that of the 
XA exciton to ~40 meV. Having identified a reasonable window of parameter space, more targeted 
and computationally expensive calculations with spin-orbit coupling can be performed to identify 
a suitable a and Vw, selected results for which are displayed in Figure 2 of the main article. 

It is noteworthy that the tuning process can rely almost entirely on high-quality optical 
measurements at low temperatures that are much less involved than low-temperature ARPES 
measurements. 
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S4. EXCITON FATBAND PLOTS 

 

Figure S4: Fatband plots for the (a) XA and (b) XB excitons of the bulk AFM phase. Blue and red 
circles indicate valence and conduction states with their radii representing the coupling strength. 
The valence band edge energy is set to zero. Fatband plots are converted to heatmaps (Figure 3 of 
manuscript) by a standard rasterization process, using a 500×700 k-point–energy grid and a 
Gaussian smoothing of 0.02 in both dimensions to produce a 2D intensity map that is finally 
normalized (between 0 and 1) and overlaid on the bandstructure. 
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Figure S5: Same as Figure S4 except for the c-FM bulk phase.  
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S5. HYBRID+VW TESTS WITH SIESTA 
 
To confirm that conclusions drawn from the hybrid+Vw calculations in VASP are not a result of 
artifacts, we performed a complementary set of selected tests with another first-principles code 
SIESTA. The SIESTA calculations were performed using the PBE0 hybrid functional, employing the 
standard 25% fraction of Hartree–Fock exchange.2 The implementation of this functional within 
the numerical atomic-orbital framework of SIESTA has been carried out only recently.3,4 

Core electrons were replaced by ab initio norm-conserving fully separable pseudopotentials.5 
In this work the optimized norm-conserving Vanderbilt pseudopotentials proposed by Hamann 6 
were used, in the PSML7 format available in the Pseudo-Dojo periodic table.8,9 For Cr, the semicore 
3s and 3p electrons were explicitly included in the valence. For Br, the semicore 3d shell was also 
considered. For S, the valence configuration was made of the 3s and 3p orbitals. In the generation 
of the pseudopotentials, the exchange-correlation functional was approximated using the Perdew-
Burke-Ernzerhof (PBE) functional.10  

The one-electron Kohn-Sham eigenstates were expanded in a basis of strictly localized 11 
numerical atomic orbitals.12 The native basis functions were obtained by finding the eigenfunctions 
of the isolated atoms confined within the soft-confinement spherical potential proposed in Ref. 13. 
A single-z basis set was applied to the 3s and 3p semicore states of Cr, and for the 3d semicore 
states of Br. For the valence states of Cr, S, and Br, we used a basis of  double-z  polarized quality, 
with all the parameters controlling the range and the shape taken from default. In the hybrid-
functional implementation of SIESTA, the native numerical atomic orbitals are replaced by a fitted 
expansion in Gaussian functions. The maximum number of Gaussians in this expansion was set to 
four, and the contracted sum was truncated at the radius where rl times the Gaussian combination 
falls below 5×10-3. The threshold used to screen four-center integrals via the Schwarz inequality 
was fixed to 1×10-6. In addition to the hybrid functional, we included an onsite correction on the 
Cr 3d manifold following the Dudarev formalism.14 The corresponding atomic projectors were 
generated using the same procedure employed for the construction of the native basis set, enforcing 
a tight cutoff radius of 2.5 Bohr. 

The electronic density, Hartree, and exchange-correlation potentials, as well as the 
corresponding matrix elements between the basis orbitals, were calculated in a uniform real space 
grid.16 An equivalent plane-wave cutoff of 1200 Ry was used to represent the charge density. The 
integrals in reciprocal space were well converged, using in all the cases a sampling in reciprocal 
space of the same quality as the (10×8×2) Monkhorst-Pack mesh.16 Atomic coordinates and 
lattice vectors used were the same as those for VASP (Sec. S2). 

Figure S6 displays the projected density of states for three cases with Vw = 0 eV (no onsite 
correction) and Vw  = ±1 eV. Similar to the results in Figure 2 of the main manuscript, we find that 
for zero or positive Vw the occupied Cr levels are too deep in the valence band, with the band edge 
being dominated by anion states. With negative values of Vw, the occupied Cr levels shift towards 
the valence band edge, and the relative contribution of anion states becomes smaller. 
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Figure S6: Species-wise PDOS of bulk CrSBr using the hybrid+Vw approach in SIESTA with the 
PBE0 (a=0.25) global hybrid. The Fermi level is set mid-gap and only the majority spin PDOS are 
indicated, the minority spin channel being degenerate.  
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